We compute next to eikonal (NE) and next to next to eikonal (NNE) corrections to the Lipatov vertex due to a finite target thickness. These arise from electric field insertions into the eikonal Wilson lines. We then derive a kT -factorization formula for single inclusive gluon production at NNE accuracy and find that nuclear effects are absent. We also analyze NNE corrections to twogluon production where some of the contributions are found to exhibit corrections proportional to A 2/3 .
Production of particles with moderately high transverse momentum in high-energy hadronic collisions probes the gluon fields of the projectile or target at small light-cone momentum fractions [1] . The field (in light-cone gauge, A + = 0) in the forward light cone of a collision of two infinitely thin charge sheets (shock waves) is given by [2] [3] [4] 
Here p is the transverse momentum of the produced gluon and L i (p, k) is the Lipatov vertex [5] ,
In eq. (1) ρ 1,2 denote the random color charge densities of projectile and target, respectively, which will be averaged over. The equation is valid to leading order in both color charge densities; a generalization to all orders in ρ 2 was given in ref. [6] . Eq. (2) applies in the shockwave limit where the projectile charges propagate on eikonal trajectories through the field generated coherently by all valence charges in the target. Ref. [4] , for example, offers a very clear discussion. However, at finite energies the non-zero thickness ℓ + of the target should be taken into account when p 2 ℓ + /p + ∼ p ℓ + e −y is not negligible. This is the case, in particular, for heavy-ion targets since ℓ + ∼ A 1/3 . We should emphasize that our focus here is not on finite-x corrections to the small-x evolution of the unintegrated gluon distribution. Such evolution equations for some specific gluon distributions have been derived in ref. [7] to order (ℓ + /p + ) 0 . Furthermore, kinematic finite energy corrections not proportional to the target thickness have been derived by Babansky and Balitsky [8] ; they find that such corrections are important for dipole-dipole scattering at rapidity < ∼ 5. Rather, here we consider corrections to the particle production vertex beyond the shockwave approximation for the valence charges; this is a nuclear effect proportional to A 1/3 and should be relevant in particular for a heavy-ion target. The gluon production cross section then involves one or more electric field insertions into the eikonal Wilson lines [9, 10] , i.e. operators such as
where
are the usual eikonal lines. Note that besides the electric field insertion which is due to the finite target thickness the Wilson line (3) does run along the light cone. For a study of kinematic corrections corresponding to Wilson lines at a finite angle (rapidity) we refer to ref. [8] .
The new Wilson lines with electric field insertions appear due to quantum diffusion of the incident projectile in the transverse direction as it passes through a target of finite thickness. At leading order in the field of the target the above Wilson line simplifies to
which suffices for the evaluation of the Lipatov vertex. The purpose of this paper is to derive L i at next to next to eikonal (NNE) accuracy; and to discuss the corrections to the single-inclusive gluon production cross section at high transverse momentum at order
Fusion of the fields of two high-energy projectile and target charges described by the Lipatov vertex.
Our result for the Lipatov vertex (in light-cone gauge A + = 0) at NNE accuracy is
A derivation is given in appendix A and the corresponding diagram is shown in fig. 1 . The first term in (6) corresponds to the eikonal (shock wave) limit while the second and third terms are the NE and NNE corrections for a target of finite thickness ℓ + , respectively. These corrections come with additional factors of z + 2 /p + which is due to the above mentioned quantum diffusion of the incident wave passing through the target. The mean square deviation from the classical (eikonal) path is proportional to z + 2 /p + [10] . The vertex from eq. (6) acts on a product of projectile and target fields to generate the produced gluon radiation field in the forward light cone,
with p 2 A i,a (p) as written in eq. (1) above. To compute the single inclusive cross section we multiply eq. (8) with its complex conjugate, sum over gluon polarizations and colors, and perform an average over the random color charge densities of projectile and target. In the standard McLerran-Venugopalan (MV) model [11] this (target) average is performed with the action
which leads to the following color charge correlator:
µ 2 denotes the mean color charge density (squared) per unit transverse area and longitudinal phase space. Because color charge correlations in the MV model are local in z + , sub-eikonal corrections, i.e. the curly brackets in eq. (6), cancel [14] in the (absolute) square of the amplitude (8) .
One may also consider a generalization of the MV-model action where the two color charge densities sit at different longitudinal coordinates,
and are connected by gauge links along the longitudinal axis. λ + denotes the color correlation length in the target which should be on the order of the size of a nucleon.
At leading order in gA − we then consider the color charge correlator
This correlator reduces to the MV-model one from eq. (10) in the limit λ + → 0. In appendix B we show that eq. (12) leads to the single-inclusive cross section
Here, S ⊥ denotes the transverse area of the collision. In eq. (13) we introduced the unintegrated gluon distribution of the target via
and similar for the projectile. This function is dimensionless and proportional to the saturation momentum squared,
However, saturation of the gluon density at low k 2 is not incorporated in (14) which exhibits the perturbative ∼ 1/k 2 growth down to low transverse momentum. We note that in eq. (13) NE corrections ∼ p 2 λ + /p + drop out, see also refs. [9, 10] and appendix B. The NNE correction corresponds to the second term in the square brackets. As already indicated above it is suppressed by two powers of the light-cone momentum p + of the produced gluon but increases with transverse momentum. Nevertheless, the NNE correction to single-inclusive gluon production is seen not to exhibit nuclear enhancement since it involves the color correlation scale λ + rather than the target thickness ℓ + . This occurs because the gluon field of the target is evaluated at a longitudinal coordinate z + 2 in the amplitude, andz + 2 in the conjugate amplitude which may differ at most by λ + . Next, we consider two gluon inclusive production. A detailed derivation is provided in appendix C. Here, we only summarize the main results.
FIG. 2: Double inclusive gluon production
In the linear approximation two gluon production corresponds to the diagram shown in fig. 2 which has to be summed over all possible contractions of the sources in the projectile and target, respectively [12] . Just as in the above we assume that the projectile can be approximated by an infinitely thin shock wave but we allow for a finite thickness ℓ + ∼ A 1/3 of the target. For simplicity, we restrict the discussion here to the local (in z + ) model, eqs. (9, 10) . In this case, sub-eikonal corrections cancel when one performs a contraction of the same sources in the amplitude and in its complex conjugate (denoted as "type A" diagrams in appendix C). On the other hand, NNE corrections do not cancel when ρ 1 is contracted with ρ * 2 and ρ * 1 is contracted with ρ 2 ("type B" diagrams in appendix C), or when ρ 1 is contracted with ρ 2 and ρ * 1 with ρ * 2 ("type C" diagrams in appendix C). These diagrams again involve a correction of order
which is proportional to A 2/3 . The full result for the inclusive two gluon production cross section is
This expression does not include the disconnected contribution corresponding to uncorrelated production of the two gluons. The fact that NNE corrections do appear in the two-gluon cross section and that they are not the same for all diagrams could be important for studies of two-particle azimuthal correlations. However, more detailed computations with realistic unintegrated gluon densities, and including the dijet contribution are required [13] for more quantitative statements. In summary, in this paper we have evaluated explicitly Wilson lines with electric field insertions to leading order in the field gA − of the target. This determines next to eikonal (NE) and next to next to eikonal (NNE) corrections to the Lipatov vertex which are proportional to powers of the target thickness, and hence to A 1/3 . From the vertex we have derived a k T -factorization formula valid up to NNE accuracy. For single inclusive gluon production we find that sub-eikonal corrections cancel if a model with local (in the longitudinal coordinate z + ) color charge correlator for the target is employed. On the other hand such corrections should be present in models with color charge correlators with finite support. Furthermore, NNE eikonal corrections also appear in correlated two gluon production, even for a local In this appendix we provide details of the calculation of NE and NNE corrections to the Lipatov vertex. The gluon-nucleus reduced amplitude[15] at NNE accuracy [10] is given by
where (p) ≡ (p + , p) [16] . This expression is valid to all orders in the field of the target. To compute the Lipatov vertex we expand the standard or decorated Wilson lines to linear order in the charge density of the target, gρ T . For the standard Wilson line,
The decorated Wilson lines that appear at NE and NNE level are Wilson lines with one or more background field insertions along the longitudinal axis from 0 to ℓ + . For the explicit expressions of these decorated Wilson lines, we refer to ref. [10] . The expansion of each field insertion starts at linear order in ρ T . Thus, terms with multiple field insertions contribute at higher orders in ρ T and can be neglected at linear order. Keeping this in mind, we obtain the following expressions for the decorated Wilson lines:
Using the expressions above, it is straightforward to obtain the amplitude at order ρ T as
One can now read off the Lipatov vertex at NNE accuracy as written in eq. (6) . The first term in the curly brackets corresponds to a straight line trajectory. The second and third terms account for corrections, at O(ℓ + ) and O(ℓ +2 ), respectively, due to quantum diffusion from that classical path. The structure of the vertex in eq. (A11) suggests that the corrections to the amplitude due to a finite target thickness may exponentiate to a phase,
However, a strict proof of exponentiation would require a generalization of eq. (A1) to all orders in ℓ + /p + .
Appendix B: Single inclusive gluon production at NNE accuracy
The single inclusive gluon production cross section is given by
With the (re-exponentiated) Lipatov vertex from above and the color charge correlator from eq. (12) this becomes
We have assumed that λ + ≪ ℓ + . Substituting the unintegrated gluon distribution of the target introduced in eq. (14) and expanding to second order in λ + finally leads to
Appendix C: Double inclusive gluon production at NNE accuracy
The inclusive two gluon production cross section is given by
We shall use the local correlator of color charges as written in eq. (10) . Type A contributions correspond to the following contraction on the target side:
Using eq. (10) it is straightforward to see that Type A contributions to the cross section are proportional to
However, realizing the longitudinal δ-functions in eq. (C3), one can easily see that sub-eikonal corrections to the Type A contributions for the double inclusive gluon production cross section vanish. After performing the color contractions on the projectile side we get three types of diagrams: Type A1, Type A2 and Type A3 (see Fig. 3 ):
Using eqs. (C3 -C6) these contributions become
Note that we have used eq. (14) to define the unintegrated gluon distribution of the projectile and eq. (6) for the definition of the Lipatov vertex at NNE accuracy. To simplify the expressions further we integrate over the longitudinal coordinate and substitute the unintegrated gluon distribution of the target:
As already mentioned above subeikonal corrections vanish for these diagrams. The last expression, eq. (C12), is of course nothing but the uncorrelated square of the single inclusive cross section. Type B contributions correspond to the following color contraction on the target side:
Again, by using eq. 
The color contractions on the projectile side are the same as Type A diagrams. Hence, one can immediately write the Type B contributions to the double inclusive gluon production cross section as (C15) Type C contributions to the double inclusive gluon production cross section as follows:
